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Abstract: This paper extended the work of 

Bagiu et al. (2020) who defined the 

probability density function of a new one-

parameter continuous distribution through 

the moment generating function approach. 

The new distribution called Bagiu-Liu-

Zhang distribution is the distribution of the 

exponential mixture of the shifted 

exponential random variable. Properties of 

the distribution such as its cumulative 

distribution function (cdf), moments, 

coefficients of skewness and kurtosis, 

reliability function and hazard rate function 

were derived. The maximum likelihood 

estimator of the model parameter was also 

determined. We illustrated the usefulness of 

the distribution by comparing its fit to a real 

data set to the fit of the exponential 

distribution to the same data.  The numerical 

results obtained indicate that the 

distribution can be a more suitable model for 

some continuous data than the exponential 

distribution and several one-parameter 

distributions. 
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1.0 Introduction 

Statistical distributions are widely used to 

model several random phenomena. 

Consequently,  the exponential distribution 

and its extension, that is the shifted 

exponential distribution have been accepted as 

tools for finding solutions to  the modelling of 

lifetime data (Lawless, 1977), quality control 

(Santiago and Smith, 2013; Albazi et al., 2020, 

Chong et al., 2021) and queuing theory (Noor 

et al., 2020) among others.  

Familiar and commonly applied probability 

distributions are discrete distributions and 

continuous distributions. Discrete 

distributions are used to model discrete data 

while continuous distributions are suitable for 

modelling continuous data. The exponential 

and shifted exponential distributions are 

continuous distributions. To find an 

appropriate distribution for a data set, we first 

determine whether it is discrete or continuous. 

If the data are continuous, an appropriate 

distribution can be fitted to the data by 

studying some characteristics such as 

skewness and kurtosis of the data. 

Distributions like gamma and Weibull 
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distributions are positively skewed and can be 

fitted to the right-skewed data. Negatively 

skewed distributions are also available for 

modelling the left-skewed data. Also, the 

normal distribution is among the symmetric 

distributions in the literature. If we classify 

distributions based on their coefficients of 

kurtosis, then we haave platykurtic, 

mesokurtic and leptokurtic distributions. 

In previous studies, authors such as Karlis and 

Xekalaki (2005) and Villa and Escobar (2006) 

emphasized the need to fit a mixture model to 

a data set in a statistical problem with a 

mixture structure. They posited that mixture 

models possess the flexibility level that is 

needed to provide good fits to data that occur 

in multiple stages. There are several mixture 

models in statistical science literature. For 

instance, the negative binomial distribution is 

the distribution of the Poisson mixture of 

gamma random variable. This discrete 

distribution play a key role in the analysis of 

overdispersed count data.  

The derivation of mixture distributions from 

hierarchical models has attracted the attention 

of some authors (Casella and Berger, 2002; 

Karlis and Xekalaki, 2005). In a more recent 

publication, Bagui et al. (2020) derived the 

probability density function (PDF) of the 

exponential mixture of the shifted exponential 

distribution using the moment generating 

function approach. This new distribution will 

thereafter be called the Bagiu -Liu-Zhan 

distribution. To the best of our knowledge, 

only the PDF of the new distribution is known. 

Important properties, such as the cumulative 

distribution function (CDF), reliability 

function, hazard rate function and moments of 

the distribution have not been discussed. The 

present study seeks to extend the work of 

Bagiu et al. (2020) through the consideration 

of several properties of the distribution. Also 

considered are the point estimation of the 

parameter for the distribution as well as the 

comparison of the fit of the distribution to 

some data with that of the exponential 

distribution.  

2.0 Statistical Properties of Bagiu-Liu 

-Zhan Distribution 
 

Here, we derive some properties of the 

distribution. Specifically, attention is given to 

the cdf, raw moments, reliability function and 

hazard rate function. It is possible to determine 

these properties if the pdf of the distribution is 

known. A continuous random variable X 

follows the Bagiu-Liu-Zhang distribution if its 

pdf is of the form (Bagiu et al., 2020): 

𝑓(𝑥) = 𝜆(1 + 𝜆)𝑒−𝜆𝑥(1 − 𝑒−𝑥), 𝑥 ≥ 0.                                                                                    
The two essential conditions under which the 

function defined in (2.1) is said to be a pdf of 

a continuous random variable X are 𝑓(𝑥) ≥
0 and the integral of 𝑓(𝑥) over the range of 

values of  𝑥 is 1. These conditions can easily 

be verified.  Figure 1 shows the plots of the pdf 

of Bagui-Liu-Zhang distribution. It can be 

observed that the distribution is unimodal. 
 

2.1 The CDF of Bagiu-Liu-Zhang 

distribution 
 
 

Knowledge of the CDF of a continuous 

random variable enables us to determine 

other properties of the distribution like the 

reliability function and hazard rate function. 

Let 𝐹(𝑥)  be the cdf of the Bagui-Liu-Zhang 

random variable X. Then                                                             

 𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡,
𝑥

0
 

where 

𝑓(𝑡) = 𝜆(1 + 𝜆)𝑒−𝜆𝑡(1 − 𝑒−𝑡) 𝑑𝑡. Thus 

𝐹(𝑥) = ∫ 𝜆(1 + 𝜆)𝑒−𝜆𝑡(1 − 𝑒−𝑡) 𝑑𝑡
𝑥

0

= 𝜆(1

+ 𝜆) ∫ 𝑒−𝜆𝑡(1 − 𝑒−𝑡) 𝑑𝑡
𝑥

0

 

= 𝜆(1 + 𝜆) ∫ 𝑒−𝜆𝑡 − 𝑒−(1+𝜆)𝑡 𝑑𝑡
𝑥

0

 

Evaluating the integral on the right hand side 

of the equation above leads to 

𝐹(𝑥) = 1 − 𝑒−𝜆𝑥 − 𝜆𝑒−𝜆𝑥 + 𝜆𝑒−(1+𝜆)𝑥. 
The CDF of the Bagiu-Liu-Zhang 

distribution is graphed in Fig. 2. 
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Fig.1: Graphical Representation of the pdf of Bagui-Liu-Zhang distribution for 

different values of  𝝀. 

 

 
Fig. 2: Graphical representation of the CDF of Bagui-Liu-Zhang distribution for 

different values of  𝝀 
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2.2  Raw moments 

The rth raw moment of the Bagui-Liu-Zhang 

distribution is given by 

𝐸(𝑋𝑟) = ∫ 𝑥𝑟𝑓(𝑥)𝑑𝑥
∞

0

= ∫ 𝑥𝑟𝜆(1 + 𝜆)𝑒−𝜆𝑥(1
∞

0

− 𝑒−𝑥) 𝑑𝑥 

= 𝜆(1 + 𝜆) ∫ 𝑥𝑟𝑒−𝜆𝑥
∞

0

𝑑𝑥

− ∫ 𝑥𝑟𝑒−(1+𝜆)𝑥
∞

0

𝑑𝑥 

                      =
[(1+𝜆)𝑟+1−𝜆𝑟+1]𝛤(𝑟+1)

 𝜆𝑟 (1+𝜆)𝑟 .                                 (2) 

Using (2.2), we obtain 

𝐸[𝑋] =
1+2𝜆

𝜆(1+𝜆)
                                            (3)                                                                                                      

 𝐸[𝑋2]  =
[(1+𝜆)𝑟+1−𝜆𝑟+1]𝛤(𝑟+1)

 𝜆𝑟 (1+𝜆)𝑟 .                (4)                                                                                                  

  𝐸[𝑋3]   =
[(1+𝜆)3+1−𝜆3+1]𝛤(3+1)

 𝜆3 (1+𝜆)3                (5)                                                                                       

and 

𝐸[𝑋4] =
[(1 + 𝜆)4+1 − 𝜆4+1]𝛤(4 + 1)

 𝜆4 (1 + 𝜆)4
 

                             

=
24 + 120𝜆 + 240𝜆2 + 240𝜆3 + 120𝜆4

 𝜆4 (1 + 𝜆)4
. 

Let the moment based coefficient of 

skewness be S. Then  

𝑆 =
𝐸(𝑋−𝜇)3

𝜇2
3/2 =

4𝜆3+6𝜆2+6𝜆+2

(√2𝜆2+2𝜆+1)
3                    (6)                                                                                                                                                                                                                                                                                                                             

Consequently, the coefficient of kurtosis is 

given as  

𝐾 =
𝐸(𝑋−𝜇)4

𝜇2
2 =

24𝜆4+48𝜆3+60𝜆2+60𝜆−9

(2𝜆2+2𝜆+1)2
     (7)                                                                                

 

2.3  Survival function and hazard rate 

function 

The survival function for the Bagiu-Liu-

Zhang distribution is given by; 

𝑠(𝑥) = 1 − 𝐹(𝑥)  

Therefore 

𝑠(𝑥) = 𝑒−𝜆𝑥 + 𝜆𝑒−𝜆𝑥 − 𝜆𝑒−(1+𝜆)𝑥.      (8)                                                                                

For the hazard rate function of the Bagiu-

Liu-Zhang distribution, we have 

ℎ(𝑥) =  
𝑓(𝑥)

1 − 𝐹(𝑥)
=  

𝑓(𝑥)

𝑆(𝑥)
 

=
𝜆(1 + 𝜆)𝑒−𝜆𝑥(1 − 𝑒−𝑥)

1 − [1 − 𝑒−𝜆𝑥 − 𝜆𝑒−𝜆𝑥 + 𝜆𝑒−(1+𝜆)𝑥]
 

 =
𝜆(1+𝜆)𝑒−𝜆𝑥(1−𝑒−𝑥)

𝑒−𝜆𝑥+𝜆𝑒−𝜆𝑥−𝜆𝑒−(1+𝜆)𝑥.                               (9)                                                                         

Fig.3 shows the graphical representation of 

the hazard rate function of Bagui-Liu-

Zhang distribution. We can deduce that the 

hazard rate function of the distribution can 

be an increasing function. 
 

3.0 Maximum Likelihood Estimation   

The likelihood function that is associated 

with the Bagui-Liu-Zhang distribution can 

be written as  

𝐿(𝑥1, 𝑥2, … , 𝑥𝑛; 𝜆) = ∏[𝑓(𝑥𝑖; 𝜆)]

𝑛

𝑖=1

 

                                                       

= ∏ 𝜆(1 + 𝜆)𝑒−𝜆𝑥𝑖(1 − 𝑒−𝑥𝑖)𝑛
𝑖=1  

                                                                                         =
[𝜆(1 + 𝜆)]𝒏𝑒−𝜆𝐷 ∏ (1 − 𝑒−𝑥𝑖)𝑛

𝑖=1 , 

where, 𝐷 = ∑ 𝑥𝑖
𝑛
𝑖=1 . 

The log-likelihood function is given by 

log 𝐿 (𝜆) = 𝑛 log 𝜆
+ 𝑛 log(1 + 𝜆) − 𝜆𝐷

+ ∑ log(1 − 𝑒−𝑥𝑖)

𝑛

𝑖=0

. 

The maximum likelihood estimates of  𝜆, say 

𝜆̂ is the solution of the equation; 
𝜕 log 𝐿(𝜆)

𝜕𝜆
= 0. 

For   
𝜕 log 𝐿(𝜆)

𝜕𝜆
= 0, we have 

𝑛

𝜆
+

𝑛

1 + 𝜆
− 𝐷 = 0. 

Multiplying both sides by 𝜆(1 + 𝜆) and 

simplifying the result lead to 

−𝜆2𝐷 + (2𝑛 − 𝐷)𝜆 + 𝑛 = 0 

Multiplying both sides of the above by -1 

yields 

𝜆2𝐷 − (2𝑛 − 𝐷)𝜆 − 𝑛 = 0. 

Solving the quadratic equation by formula 

method and considering the fact that 

parameter of the distribution is a positive 

quantity, the estimate is found to be 

𝜆̂ =
(2𝑛−𝐷)+√(2𝑛−𝐷)2+4𝑛𝐷

2𝐷
                    (10)                                                                                 
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Fig.3: Plots of the hazard rate function of 

Bagui-Liu-Zhang distribution for 

different values of  𝝀 

4.0 Application of Bagui-Liu-Zhang 

Distribution 
 

In this section, we illustrate the applicability 

of the Bagiu-Liu-Zhang distribution using a 

real data set. The data which constitute 

remission times of 128 bladder cancer 

patients were originally reported by Lee and 

Wang (2003) and are given below:  

0.08, 2.09, 2.73, 3.48, 4.87, 6.94,8.66, 13.11, 

23.63, 0.20, 2.22, 3.52, 4.98, 6.99, 9.02, 

13.29, 0.40, 2.26, 3.57, 5.06,7.09, 9.22, 

13.80, 25.74, 0.50, 2.46, 3.64, 5.09, 7.26, 

9.47, 14.24, 25.82,0.51, 2.54,3.70, 5.17, 

7.28, 9.74, 14.76, 26.31, 0.81, 2.62, 3.82, 

5.32, 7.32, 10.06, 14.77, 32.15,2.64, 3.88, 

5.32, 7.39, 10.34, 14.83, 34.26, 0.90, 2.69, 

4.18, 5.34, 7.59, 10.66, 15.96,36.66, 1.05, 

2.69, 4.23, 5.41, 7.62, 10.75, 15.62, 43.01, 

1.19, 2.75, 4.26, 5.41, 7.63,17.12, 46.12, 

1.26, 2.83, 4.33, 5.49, 7.66, 11.25, 17.14, 

79.05, 1.35, 2.87, 5.62, 7.87,11.64, 17.36, 

1.40, 3.02, 4.34, 5.71, 7.93, 11.79, 18.10, 

1.46, 4.40, 5.85, 8.26, 11.98,19.13, 1.76, 

3.25, 4.50, 6.25, 8.37, 12.02, 2.02, 3.31, 

4.51, 6.54, 8.53, 12.03, 20.28,2.02, 3.36, 

6.93, 8.65, 12.63, 22.69. 

The fit of Bagiu-Liu-Zhang distribution 

(BLZD) to the data is compared with that of 

the exponential distribution (ED) using 

criteria Akaike information criteria (AIC), 

Bayesian information criteria (BIC) and 

others as indicated in Table 1. Notably, S.E, 

L, A*, W* and K-S represent the standard 

error, estimated log-likelihood function, 

Anderson-Darling statistic, Cramér-von 

Mises statistic and Kolmogorov-Smirnov 

statistic respectively.  When distributions are 

fitted to the data under consideration, the 

distribution with the smallest value of each 

statistic is considered to be the best for 

modelling the data. The parameter of each of 

the distributions is estimated by the 

maximum likelihood method. Table 1 

contains the maximum likelihood estimates 

of the parameters of the two distributions 

and their corresponding standard errors. The 

estimated values of the goodness of fit 

statistics are equally presented in Table 1.  
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Table 1: Maximum Likelihood Estimates 

of the Distributions fitted to Remission 

Time     Data and Values of Some 

Goodness of Fit Statistics  

 

Model BLZD ED 

Estimate 0.11881 0.10740 

SE 0.0101 0.00964 

-L 3.99.7991 400.6669 

AIC 801.5981 803.3337 

BIC 804.4184 806.1540 

A2 0.56948 0.77192 

W2 0.09070 0.12753 

K-S 0.06922 0.08213 

 

From Table 1, the Bagiu-Liu-Zhang 

distribution (BLZD) has the minimum value 

of each of AIC, BIC , HQIC , K-S , W* and  

A*. Therefore, we conclude that the Bagiu-

Liu-Zhang distribution fits the data better 

than the exponential distribution. 
 

5.0  Conclusion 
 

We have studied properties of a one-

parameter continuous distribution called 

Bagiu-Liu-Zhang distribution. In particular, 

we derived the cdf, raw moments, 

coefficients of skewness and kurtosis, 

reliability and hazard rate functions and 

maximum likelihood estimate of the 

parameter of the distribution. The 

distribution is unimodal and has a 

nondecreasing hazard rate function. It is also 

positively skewed and leptokurtic. The 

maximum likelihood estimator and method 

of moments estimator of the parameter are 

equal. The numerical results obtained show 

that the distribution is capable of providing 

better fits to certain data than the exponential 

distribution and several one-parameter 

continuous distributions in the literature. 
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