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Abstract: Efficient and precise estimation in
sample surveys often benefits from the
incorporation of auxiliary information. This
study addresses the challenge of improving
variance estimation by developing a novel
estimator for finite population variance that
utilizes two auxiliary variables within the
framework of stratified random sampling. The
estimator's properties were derived using the
approach of near-unbiasedness, ensuring
theoretical rigor and robustness. Efficiency
conditions that demonstrate the superiority of
the suggested estimator over existing
population  variance  estimators  were
established analytically. The performance of
the proposed estimator was validated using
four real datasets. From Dataset IlI, the
estimator showed minimum bias (-6.937e-21),
a mean square error of 7.991911, and a
relative efficiency of 100.01%. Similarly, for
Dataset 1V, the proposed estimator achieved a
bias of 9.249550e-22, a mean square error of
8.154949¢-11, and a relative efficiency of
654.15%. In all cases, the proposed estimator
outperformed the existing estimators based on
the criteria of bias, mean square error, and
percentage relative efficiency. These findings
highlight the estimator's practical utility in
delivering more accurate and reliable variance
estimates across different applications.
Consequently, the suggested estimator offers a
significant contribution to the field, with
potential for wide-ranging use in improving the
quality of survey-based studies.
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1.0 Introduction

The estimation of the population variance of
the study variable is required in many
application contexts. In several disciplines such
as agriculture, medicine, biology, and business,
where sometimes the populations are biased,
variance estimate for the population is
significant. Variance estimation plays a crucial
role in various real-world applications where
understanding variability is essential for
decision-making and predictive modelling. For
instance, in agricultural research, variance
estimation is critical for assessing crop yield
performance under different conditions such as
soil types, irrigation methods, or fertilizer
applications. This helps optimize resource
allocation  and improve  agricultural
productivity (Arata et al., 2020). Similarly, in
clinical trials, variance estimation is
fundamental for evaluating the effectiveness of
new treatments or drugs. By quantifying the
variability in patient responses, researchers can
ensure that observed effects represent true
treatment efficacy rather than random
fluctuations (Miller, 2005).

Various authors including Isaki (1983), Shabir
and Gupta (2010), Ahmad et al. (2022), and
Zakari & Muhammad (2023) have worked on
this area. Auxiliary information is frequently
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utilized in sample surveys to obtain accurate
and reliable estimates of the population
parameters such as proportions, averages,
totals, and variance of the variable of interest.
Cochran (1940) first introduced the use of
auxiliary information in the ratio estimation
method when there exists a positive correlation
between the study and auxiliary variables. This
method became inefficient when the
correlation was negative, and thus the product
estimation methods performed better. Different
strategies have been employed by researchers
in utilizing this information to estimate the
population characteristics under different
sampling techniques (Zakari et al., 2020;
Muhammad et al., 2021; Yasmeen & Noor,
2021; Zakari & Muhammad, 2022;
Muhammad et al., 2023; Zakari et al., 2023,;
Oyeyemi et al., 2023; Muhammad, 2023; Audu
et al., 2023). In addition, estimation strategies
with two or more auxiliary variables have been
suggested by Singh, Choudhury & Kalitac
(2013), Tato & Singh (2017) and Ahmad et al.
(2022) among others. However, the nature of
the relationship between the study and
auxiliary variables in which the existing
stratified variance estimators produce better
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estimates is a matter of concern. Therefore, to
address this lingering problem, this study
develops a generalized population variance
estimator using two auxiliary variables that is
flexible and efficient under stratified random
sampling.

2.0 Sample Structure, Notations and Some
Existing Estimators

Consider 9 = {94,,,,,,9y} to be a finite
population of size N which is divided into G
non-overlapping groups, with each group
containing Ny (h = 1,2, ..., G) units, such that
>%_ N, = N. Asample using the technique of
simple random sample of size n, is drawn
(SRSWOR) from the population strata Ny
without replacement such that¥%_, n, = n.
Let (Vi xni, zn;) be the observation of the
variable under study Y and the auxiliary
variables X and Z, respectively. Supposed
YpXpandz, are the sample means

corresponding to the population means Y,

Xnand Z,, respectively, in each stratum.
Further, the following notations were defined
by Singh (2020) and Muhammad (2023) as;

2: The population variance of the study variable Y for the it" stratum

2: The population variance of the auxiliary variable X for the i"* stratum
2: The population variance of the auxiliary variable Z for the it" stratum
: The sample variance of the study variable X for the i** stratum

h)z: The sample variance of the auxiliary variable X for the i*" stratum

2
n, The sample variance of the auxiliary variable Z for the i*" stratum

Wy, = M The original weight of the ht" strata, h = 1,2, ..., G
N

1 1

fin = (— — N—): The sampling fraction corresponding to the ht" strata
h

Np

1 — 7 — S — \t .
Hrst(n) = N_hzyjl(th — Yn) (Xn; — X1n) (Znj — Zy) : The moments about the mean for the it"
stratum
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Hrst(hy
A (h)

\ : The population kurtosis for the i stratum
st r s t
\/:u200(h)1u020(h):u002(h)

The usual unbiased population variance estimator under stratified random sampling and its
variance are, respectively, given as

G
TO(st) = ZWhZ flhsjh (1)

Var( O(St)) ZW fthYh (’140(11) 1) 2)

Isaki (1983) suggested a ratio and product estimators using auxiliary variable, respectively, as

& 2 2 S)z(
Ty = 2 W, f Vi Szh (3)
h=1 X,

G 52
T2(st) = thz flh [S;Z/h S);h ] (4)
h=1 Xp
G
Bias (T, ) = hZ_;WhZ 252 [ (Aaagy =1) = (Ao 1) | (5)
G
Bias (Tz(st) ) = hZ;th fieSy [izz(h) —1] (6)
G
'VlSE(Tl(st))E ;Wh4 flis\?h [( 40(h) ) (%4(h) ) 2(/122(h) _1)} )
G
MSE (TZ(st) ) = hZ_;Wh4 flﬁs\?h [( 40(h) — ) (%4(h) )+ 2<2'22(h) _1)} (8)
Rao (1991) suggested a difference type of estimator of population variance as
Tas ZW £ [a)ms + oy, (SZ X, )J 9)

(/104(h)_1)
flh{( a0(h) )(’104<h) )_(ﬂzzm)_l)

Bias( R(St)) ZW fnSy

2} +(Aoagey —1)—1 (10)

4 /Lzzh_:l-2
M (1) = S5 (s 1) 1) (<(m“)(lm o1 @

1h

_(izz(h) _1)
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where @, = Vo ~1) . and
g [( a0(h) ~ )(’104(11) )_(’Izzw_l) }(%Mh)_l)
Y 55, (Zam —1)

Sy {Vh[( oty ~ 1) (Zoucry )_(%z‘h)_l)zy(ﬂm(h’_l)}

Singh et al. (2009) proposed exponential ratio and product-type estimators as

S: —s?
er(st) ZW f1hS exp(mJ (12)
5, =S,
ep(st) ZW flhS eXp th+55h (13)
BIaS(rr(st)) ZW fthYh[ (/104(h) ﬂ“ZZ(h) } (14)
BIaS(rp(st)) ZW fthYh|: (ﬂzz(h) /104(h) } (15)
MSE( r(st)) ZW fth [(’14001) ) (%4(h) ) (}‘ZZ(h)_l)jl (16)
MSE( p(st)) ZW fthYh [(’hom) ) (%4(h) ) (izz(h)_l)} (17)

Shabbir and Gupta (2010) proposed regression-cum-ratio estimator as

S (W2 SZ —¢f
TSG(St)=Z[n—:j[klhsjh+k2h(8§h )]eXp(S2 +shJ (18)

2 — -1
Bias(Tyg o) = i(%){(% -1)s; —%alhsgh M+{Siha2h +%alh53h MH (19)

h=1 h I’]h nh

The minimum mean square error (MSE) expression of the estimator Tse up to the first order of
approximation at optimum values;

1
(Ao _1){2_4%(%401) _1)} - 5 S\, {2—&(%4@) —1)} B

(opt) _ _

A B? 2" 282 2
2{(’%4@ _1)(]‘4_%}_%} ' 28>2<h {(20401) _1)(1+rﬁ}_i}

where A= (Ao —1)+ (s —1) —2(Appry —1) @A B =(Agy, =1) = (4, —1), is given as

(opt) _
klh =
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(20)

W4
MSE (T (st) ) min _Z[ : )
1l n ﬂo -1 SAh S4h lo =
n W{(%J(&w(h)_l)(l_pﬁ)jLY(lg::)}

Koyuncu (2013) proposed imp?oved estimators of finite population variance in stratified random
sampling as

SIS st | (%, —54)
its W, S: +W, | —-| |exp — , (i=12,34,5 21
N(t) ;[ nh ) lh Yh Zh(sih] th(82 _SZh)_"_zw_h (I ) ( )

G 2 2 n
Bias(TNi(st,);z[Vi] 1 : )| @
+{W2h {% (yh )_ﬁfih +§Tii:|+%fiiwlhs‘{2h} -

4 n,

The minimum mean square error of the estimator T, up to the first order of approximation at
the optimum values;

S (DF —2AG)

GF —-2DB (opt) _
wo == =72 and W, =
" T 4AB-F? 2 4AB-F?
IS given as
BD? — DGF + AG?
MSE (Tyiy ). ZW“sYh[ (488 _F7) } (23)
where
Aaorry —1 -1 -1
ool o) o, ot
n, n, n,

B= 1+{7/§+Tii +70 (7 —D - 20,7,

}MJ D {zﬂihMﬁT; (A 1)

ih
h nh 4 nh

G= _2+{7/h T =70 (7, — 1) — }(/104(: )}v

h
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F= 2+{7/h(7/h -D+77 —thrih}w+2{7h _Tih}w _

n, n,
2 5 )
Ti(n) :mz]—SXh, (i=12,3,45). 210 :28#’ Toth) :zi
Sy, *@, S5, + Py (X) S%. +Cu)
CmSx Ban (XS5, : .

T Sx and
3(h) ~ Tany = 'y T — ¥, ==

cm§+@mm Boa m§+c O Syt Oy N
Yasmeen and Noor (2021) considered the adoptlon of multiple and transformed auxiliary

information and suggested three ratio cum exponential type estimators as

(W2 ahs>2< — X
T =S W | g2 2% T An 24
W) ;(m s (24)
o (w2 , (S S2 -5
Tonzesty :hzﬂ n_h Sy, th exp Szh +Szzh (25)
B * k1h *
G (\W?2 s " 5.2 —§2
Tovasy =20 = || S5 | <2 | &P| Koy S 26
maG ;(m 5] o kg (26)

The bias expression of the estimators up to the first order of approximation are, respectively, given
as

. & W2
Bias (TYNl(st)) = hZ;,[ 02 ] Y, [¢‘(h) (%4(h) )_¢|(h) (izz(h) _1)] (27)
= h
. S W2 1 1
Bias (TYN 2(st))E ;( n2 J [ (%04(h) ) E(ﬂozz(h) _1)_5(%02@ _1)_(222001) _1)} (28)
= h
Ky (K —1 Kogn) (Ko —1 |
ﬁﬂleﬁMWWAFJﬂ%ﬂ—%ﬂ%m—g
G
Bias( YN 3(st) ) = ;[ n js\?h += 2 kl(h)kZ(h)gs (ﬂﬂozz(h) _1) - kl(h)gh fn (ﬂzzom) _1) (29)
1
D) k2(h)gh (ﬂzoz(h) _1)
where ) )
2, Sy (Ci = AwPusy ) By - AnD
- % k .= — (h) h) —(h)
By AT (i=12,3,4,5,..,26). K =An 1-B,D, Koy = 1-B,Dy, |
-1 -1 2 -1 2 -1
A, _ (o) 8, _ Vel C,, _ 2w l) Dy, R - n
Oh (%40(h) _1) 2(204001) _1) 9y (%40(h) _1) (%04(h) _1) h~ My

The MSE expression of the estimators Ty, ) » Tyyoy @Nd Tyya) are, respectively, given as
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G 4
MSE( YNA(st) ) = ;(VX—EJS;L |:(/140(h) _1)+¢|2(h) (/104(h) _1)_2(%201) _1)] (30)
1
I\/ISE( } )) - i[ hAJ (/1400(h) _1)+(j'040(h) _1)+E(%04(h) _1)_ Z(AZZO(h) - (31)
YN2(st) | = 3 Yh
= nh _(/,lozz(h) _1)+(ﬂ’202(h) _1)
B 2
A
(/1400(h)_1) ( (1h) B(h()hl):)(::))) gﬁ( 40(h)_1)
( (h) AYh) (h)) 2
i 4(1 B(h)D(h)) . (%OA(h) _1)
G W4s4
MSE ( YN3(st))mm =2 - ~2( A =B Coy) 9 (Azzorr) —1) (32)
5y (1-ByyDyyy )
((AYh) (h) (h))( (h) AYh) (h))) gz(ﬂo _1)
(1 B, D(h)) h { Ao22(n)
~(Coy = AwPusy ) 81 (Ao ~1)

Ahmad et al. (2022) suggested an impro;/ed population variance estimator under stratified random
sampling as

G S -
Tow = > W2, [klhsjh ko (2 =52 )+kyy (S~ 5%, )}eXp e’ (33)
h=1 th + th
The bias and MSE expressions of the estimator Ta at optimum values;
k _ 8- flhﬂ'm(h)
1h(opt) — ’
Aoagny [8 (1/ Aoy + T +1))}
) flhﬂ'o40(h) [%40(h)%04(h) - j"zzzo(h) :I + [2004(h)ﬂ'220(h) - jqoz(h)ﬂozz(h)](8_ flhﬂ'o40(h))
\
‘ A2 400(n) (1040(h))'004(h) _ﬁzzzom) )[(_1/140001))"‘ fn (7’h +1):| d
2h(opt) — an
i 88x2h/1400(h) {2040(h)/1004(h) - /12220(h) } [(_1/ /1400(h)) + flh (7h +1)]
K Szh [8_ flh/1040(h):|(2’220(h)ﬂ202(h) _%40(h)ﬂ202(h))
3h(opt) —
" 85 ﬂ’400(h) {1040(h)/1004(h) _ﬂzzzom)}[(_l/ /1400(h)) + flh (7h +1)]
are, respectively, given as
3 1
G _szh + klhs\?h (1"'5/1040@) _Eﬂqzo(h)j
Bias(T, ) = Zth fin (34)
h=1

1
+§ flh (k2h8>2(hj'040(h) + k3hSr2xhﬂ'220(h))
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64(7/h +1) — fin ()”0240(h) //1400(h) ) —16 ) Aoaoen) (7/h +1) (35)
64[(1/ Aaoomy) + Fun (7 +1)]
2 2
ZﬂZZO(h)AZOZ(h)AOZZ(h) - /1040(h)/1202(h) - 2004(h)2220(h)
2
/1400(h) (%40(h)/1004(h) _ﬂzzom) )

MSE( (st))mm—zw fthYh

where 7, =

3.0 Proposed Estimator
The proposed generalized population variance estimator using two auxiliary variables is given as;

Ly = Bum sty  Boiiy Tozsy + By Taags (36)
where,
2
5 g
G SZ SZ X o2 Xy
2 2 Xh Zy Zy
le(st) :Z\Nh f1(h)5yh Ty = ZW fl(h) i and Ty, = ZW fl(h) v, EXP 2
h=1 Sx Sz 2 S, 2
h h h
S, 5 +5;
h S h

By definition, the class P will consist of all TZ(St) of the forms;
3
sy = Zﬂi(h)Tiz(st) eP (37)
where P denotes the set of all possible estimators for estimating the population variance S _such
that Z,Bi(h) =1and ﬂi(h) eR, where ,Bi(h) (i =1,2,3) denotes the constants used for reducing the
i=1

bias in the class of estimators le(st) ,Tzz(st) ,ng(st) €P and R denotes the set of real numbers.

3.1 Bias and MSE of Proposed Estimator (t,s))
To derive, the bias and MSE of the proposed estimator ¢, in equation (36), the following error
terms are defined,

Cony = (h y))/82 and el(h):(sfh—sfh))/sfh ez(h):(sfh—sfh))/sfhsuch that
‘eo(h)‘ <1, ‘%(h)‘ <1, ‘ez(h)‘ <1

E (€o ) = E (€ ) = E €20y ) = 0. E(€5r) ) = Fun (Aagorry =1) = FusCiry

E (€l ) = i (Anory =2) = £Cily E(€) = i (Aooun =1) = TuCoty

E (omeum ) = Fin (Aeanon 1) = Finorcn: E (Boenam ) = T (azey =1) = Fanlozery

E (el(h)eZ(h) ) = flh (AOZZ(h) _1) = flhplZ(h)
Expressing t, ) in equation (36) in terms of error terms, we have

(38)
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2
. Sz ) <1+el(h)) x2(1+e;z )S xzh
_ 2 2 7 Iy 39
A N w8 RIS
(h) ] =% 2 Xy

By some appropriate simplification, equation (39) becomes:

4 4 52 —§?
ey ZW f,S; (1+e0 ){ﬂlh)+ﬁ2 [(l+el(h)) (1+e2(h)) i|+ﬂ3(h)exp{(l-l-el(h))(l-l-ez(h)) " 2]} (40)

(e )(1+ey ) S5 +5;
Thus it follows from equation (40) that

Bywy + Bon) [(l+ €um )71 (1+ € )1}

G
t =YW, S2 (1+e 1 (41)
2(s) hg‘ h T yh( + O(h)) (el(h)+e2(h)+e1(h)e2(h)) (el(h)+e2(h)+el(h)e2(h))
+ﬂ3(h) exp > 1+ >

-1
By expanding(i+e,,) . (L+e,,) and £1+ (el(“)Jrez(“);el(“)ez‘“))J to the first order

approximation, and multiplying out the RHS, the equation (41) gives:

G &m Cm Cn &
tz(sm:hz_gwhzfmsyzh (l+e0(h)){,81(h)+ﬂz(h)[(1—el(h)+ef(h))(1—e2 +& )}53 exp[ %_%_% (42)

Applying the concept of exponential series to equation (42), we have
G ,Bl(h) +ﬂ2(h) (1_e1(h) _ezm) + elz(h) + ezz(h) + el(h)eZ(h))
2 2
Ly = 2 Wi £S5, (1+90(h)) &m  Sm  Gmy Exn (43)
h=1 oy | 1+ + - -
2 2 8 8
Multiplying out the RHS of (43) up to the first-order (-second-degree) approximation, we have

B B )5
1_(/3201) 3(h)jel(h) [ﬁzm) ﬂ) 2(h) [ﬂz(h) ﬂjel(h)

ﬂs(h)
[ﬁz(h) Z(h) + ﬂz(h)el(h)eZ(h)

G
sy = thz fth;h (1"' eO(h))
het

(44)

By + Bogny + Pagny =1 (45)

Multiplying the RHS and factorizing the common terms, the equation (45) becomes;

where
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By By Pawy | 2
€om) [ﬁz ] i) [ﬁz ]Z(h)-}_[ﬂﬂh)_%jel(h)

G G ﬂ i
[tz(st) _Zth flhsyz(h)) = ZWhZ f1hSy2 [ﬂz j 2 T /32 (ﬁz(h . j Com®un) (46)
h=1 h=1

By
[IBZ(h ]e 0(h )GZ(h)

Taking expectation to both sides of equation (46) and applying the results of (38), the bias of the
proposed estimator ¢, is obtained as:

ﬁ3 ﬂs 2 ﬂS h
[,Bz j Lﬁz j 2(h) _(/BZ(h) _fJ Poyh)

(47)
(ﬂz IB3 ] 02(h)_ﬁ2(h)p12(h)

Squaring and taking the expectation of (46) and applying the results of (38), the mean square error
of the proposed estimator ¢, Ils obtained as:

i
Cg(h) (,Bz(h) — [Clz(h)+c22(h)+2p12(h)]

B
(ﬂz(h) — I:p01(h)+p02(h):|

The optimum values of the filtration parameters ﬂi(h) (i =1, 2,3) are obtained by solving the three

G
Bias(t, ) ) = D W, f,0yS.
h=1

MSE (t,) ) = ZW fin Sy (48)

conditions using Echelon operation. Differentiating (48) partially with respect to ( Bon _'332@) and

equating to zero, we have

OMSE (t B
% ZW f1(h) { [ﬁZ(h) 20 \][Clz(h) + sz(h) +2P5m) ] -2 |:p01(h) * Poony J} =0
5 Py | hat
"
(49)
Simplifying equation (49), we obtain
B H
ﬂZ(h) - % = J_h (50)
h

where
2 2 _
H, = Cl(h) + C2(h) + 2/012(h) and J, = Pony T Poany

It is noted from (45) and (50) that three parameters are involved, and a unique solution may not to
be obtained from the two equations. Therefore, the following additional linear restriction is

imposed to obtain the unique values of ﬂi'(sh) (i=12,3)as:

B (le(st) )IBI(h) +B (TZZ(st) )ﬂZ(h) +B (T3z(st) ):B:s(h) =0 (51)




Communication in Physical Sciences, 2025, 12(2) 386-405 396

where B(T,, ) B(T,u) @nd B(T,q, ) denotes the bias expressions of estimators T,y , T,y
and T, , respectively.
Expressing the three equations namely; (45), (51) and (50), respectively, in matrix form we have

1 1 1 ,Bl(h) 1
0 B (TZZ(st) ) B (TSZ(st) ) ﬂz(h) =10 (52)
0 1 -3 Baw ) \ 5

Applying the operation B(Tzz(st) ) R, —R, — R; into equation (52), we have

: 1 ' ﬂl(h) 1
’ B(TZZ(St) ) B(T3Z(st)) Powy |=| 0 (53)
’ ° _[% B(TZZ(St )+ B(TSZ st) )] Bawy %h“))

From (53) we obtain the optimum values of the filtration parameters ﬂi'(sh) (i=12,3) as:
1
B(TZZ(st))‘:Z‘]h + Hh:|+ B(T3(st))[‘]h - Hh]

AEET)

H.B(T,,.
ﬂZ(h) = 1 ( & S)) (55)
JhLB(T )+ BT

(54)

(hy —

ﬂa(h) == ( = ) (56)
3, 38T B (M)
where

B (TZZ(st) ) =

B( 3z(st)) ZW fl(h)Syh |:2 (p01(h) + p02(h)> ;(Clz(h) +C22(h) )}

3.2 Eff|C|ency Comparisons

262 2 2
W, f1(h)Syh |:C1(h)+C2(h) Poihy ~ p02(h)+,012(h)} and

> EMO

In this section, the efficiency of the proposed generalized estimator ¢, Is compared with the
efficiency of some related estimators. Thus, conditions under which the proposed estimator is more
efficient are given below:

(1) The proposed estimator t, ) is more efficient than the sample variance estimator T if

MSE (T,)~ MSE (t,, ) >0
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G
ZWh 1Sy, Cotmy — ZW i Sy, { 0<h>+‘Ph}>0
h=1

th f3.S: W, <0 (57)
h=1

1(h)=y(h)

DL Psn
where VY, = (ﬁz(h) =0 |:Cl(h) +C2(h) +2P12(h):| Bany — 3( ) [Pm(h) +P02(h)]

If condition (57) is satlsfled, the proposed estimator ¢ is more eff|C|ent thanT sp).
(ii) The proposed estimator ¢, is more efficient than the usual ratio variance estimator T, if

MSE (T, )~ MSE (1, ) >0
G G
hZWh fl?h)sjh I:Co(h) + Cl(h) 2 Pony ] - hZWh fl?h)s;/‘(h) {Coz(h) + lPh} >0
=1 =1

G G
Z\Nh fl?h)sj(h)‘{jh < ZWh fl?h)S4 I:Clz(h) - 2/001(h):| (58)
h=1 h=1

If condition (58) is satisfied, the proposed estimator ¢, is more efficient than T ;).
(iii) The proposed estimator ¢, is more efficient than the usual product variance estimator
T5(se If
MSE (T,q) )~ MSE (t,(4 ) >0

G
2 3 4 2
ZW Fin Sy Yo [CO(h) +C1(h)+2p01(h)]_hz_i4wh fim Sy {C0<h) +\Ph}>0

G
ZWh fl?h)sj(h)\{lh < ZWh4 fl?h)sjh [Clz(h) + 2p01(h):' (59)
h=1 h=1

If condition (59) is satisfied, the proposed estimator ¢, is more efficient than T ).
(iv) The proposed estimator t,.) is more efficient than the Rao variance estimator Trqo(st) i

MSE (Tgao(eo )min —MSE (t,, ) >0
G
ZW fitn Sy, |:C02(h)C12(h)+C1(h) Mh]—ZW Fitn Sy {C(f(h)+‘lfh}>0
hZW flih)s;l(h){ O(h)+‘P} ZW fitn Sy [cg(h)c(h)+cl(h) Mh} (60)
=1

2
Poi(h)

where M, =

2 2 2
fl(h) {CO(h)Cl(h) - pOl(h)}
If condition (60) is satisfied, the proposed estimator ¢, is more efficient than Tre(s¢).-
(V) The proposed estimator ¢, is more efficient than Singh et al. (2009) ratio estimator T, ()
if

MSE (T,; (g )~ MSE (t,(5 ) > 0
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1
ZW i Sy {Coz(hﬁdfcl(h Pm(h)} ZW Fim Sy {C2 )+\P} >0

1
ZW fim Sy, ¥ <ZW Fim Sy, [chz(m_pouh)} (61)

If condition (61) is satlsfled, the proposed estimator ¢, is more efficient than T,,.(s¢).
(vi) The proposed estimator ¢, is more efficient than Singh et al. (2009) product estimator

Tep(sey If

ep(st)

G
ZW fim Sy [Cg(h) +4C12(h) +p01(h)} ZWh4 fl?msjh {Coz(h) +q]h}>0
h=1

MSE (T,ps )~ MSE (t,gy ) >0

& 1
ZWh4 fitm Sy, P < 2 W' 10y Sy, { 4 Crmy + poum} (62)
h=1 h=1

If condition (62) is satisfied, the proposed estimator t, ) is more efficient than Ty (5.
(vii) The proposed estimator ¢, is more efficient than Shabbir and Gupta (2010) estimator

Tsg sty if
MSE (Tosqy ) —MSE(t, ) >0

ZW fi S yh{ “, } ZW Sy, {Com +'¥n} >0

Q
ZW fl?h)s;l{ 0(h>+lP} ZW 1y 3{Khh+(hgh} (63)

where K, = (1~ fi,7,Ciy ) and Q, =(f,,Céy (1-27))

If condition (63) is satisfied, the proposed estimator ¢, is more efficient than Tsg (5.

(viii) The proposed estimator ¢, is more efficient than Koyuncu (2013) estimator Ty; ;) if
MSE (Tysy ) —MSE(t,)) >0

G BD?—-DGF + AG? | &
hZWhAS;h [1_ (4AB FJ;) ] Zw flf’h)S;‘{ 0(h)+\Ph}>o
=1 —

S S BD? — DGF + AG?
2 R R e S

If condition (64) is satisfied, the proposed estimator ¢, is more efficient than Ty ().
(ix) The proposed estimator ¢, is more efficient than Yasmeen and Noor (2021) ratio estimator

Tyni(se) If
MSE (T )~ MSE (tz(st) )>0

G
3 2 2 2 2
;Wff fl(h)s;lh [Co(h) + ¢I(h)C1(h) - 2p01(|1):| ZW 1:1(h) {Co(h) } >0




Communication in Physical Sciences, 2025, 12(2) 386-405 399

1(h) vy

G G
D WSS W <D W
h=1 h=1

1?h)S;h |:¢|%h)clz(h) - 2,001(h):| (65)

If condition (65) is satisfied, the proposed estimator ¢, is more efficient than Ty yq(sp).
(X) The proposed estimator ¢, is more efficient than Yasmeen and Noor (2021) exponential

ratio estimator Tyyo(se) if

MSE (T ) = MSE (59 ) > 0

G 1 G
th4 f1?h)83h [Coz(h) + C12(h) + Eczz(h) = 2Po1n) — Pragny + Pozen } - hzl:Wh4 f1?h)83h {Cg(h) + \Ph} >0

1
ZW fl?h)s4 Y, < ZW fl(h)S4 |:C12(h) + > C22(h) 2 P0hy — Pragny + p02(h):|

(66)

If condltlon (66) is satlsfled, the proposed estimator t, s is more efficient than Ty (s).
(xi) The proposed estimator ¢, ) is more efficient than Yasmeen and Noor's (2021) exponential

product estimator Tyyz(se) if
MSE (TYNs(st))

ZW f1(h) yh(

1- B(h) D(h))

— MSE (tz(st)) >0

ZW flfh)S;‘{ O(h)+‘I’h}>0

h=1

L,

ZW flfh)S;‘{ 0<h)+‘P} ZW imSy, yh(—) (67)
(h)

1-B,,D

If condition (67) is satisfied, the proposed estimator ¢, ) is more efficient than Ty y3(st).
(xii) The proposed estimator ¢, is more efficient than Ahmad et al. (2022) estimator T ) if

MSE( a(St))

— MSE (tz(st)) >0

ZW fioySy Ry ZW S {Cg(h)+‘1’h}>0

ZW fioSy

1(h)=yy

G
{Com+ ) <TWHES) R, (68)
h=1

64(y, +1)~ fl(h)(Cltm/CO(h)) 16 £, Citny (7 +1)

where R, =

64[(1/ CO(h)) + fim (7 +1)]

If condition (68) is satisfied, the proposed estimator ¢, is more efficient than Ty (gp).

4.0  Empirical study

In this section, real-life datasets were used to
assess the performance of the proposed
generalized estimator of finite population
variance over some existing estimators base on
the criteria of bias, mean square error and
percentage relative efficiency.

Dataset | [Source: Agricultural Statistics
(1999), Washington, D.C.]

Tobacco: Area (hectares), yield and production
(metric tons) in specified countries during
1998.

Y = Yield (Metric tons), X = Area (Hectare), Z
= Production (Metric tons), Strata =
Continents, N=103, n=75 and m=16 (sub-
sample size)

Dataset Il [Source: Statistical Abstracts of
the United States (1999)]
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Y = Number of immigrants admitted in the
USA in 1996, X = Number of immigrants
admitted in the USA in 1995, Z = Number of

immigrants admitted in the USA in 1994, Strata
= Regions, N=50, n=32 and m=12.

Table 1: Parameters of the Datasets | and 11

Parameters Dataset I Dataset IT
Stratum | Stratum 2 Stratum 3 Stratum 4 Stratum | Stratum 2 Stratum 3 Stratum 4
N, 12 18 34 39 9 16 12 13
Ny 9 13 25 28 6 10 8 8
m, 2 3 5 6 2 4 3 3
Y 1.680833 2.045294 1.156765 1.607179 27994.56 15437.31 10081.92 21471.23
X 8927.25 17041.76 10714.18 37919.85 21999.22 11234.12 8438.667 17462.69
Z 10030.75 33018.59 15425.88 111161.9 24436.67 11309 9267.5 21106.08
S;h 0.2046629 0.5203515 0.3295741 0.8479734 2639749017 707626160 123187113 2948783276
S}h 306708635 392241621 675871615 7566352438 1754057959 336303714 149721398 2021436188
Szzh 21441542 1799038367 1817497001 169241418740 2220517339 343840938 121798863 3191962013
Pryiiy -0.6844773 -0.138175 0.2102041 -0.1597427 0.9948531 0.9878827 0.9960449 Q998627
Pra(h) 0.8728871 0.8966936 0.9490304 0.2680932 0.999965 0.9940247 0.9925293 0.9998764
Pyany -0.4232355 0.1140993 0.3273912 0.000882502 0.9946205 0.9986502 0.992753 0.9998665
Lsgony 3.083168 3.003996 2733141 10.79979 4.611014 5.118251 4.582649 10.08216
Aoso(n) 6.21362 3.524234 13.23582 14.96476 5.252527 5.298082 4.09224 10.06581
Aoos(ny 2715187 3.898346 16.09757 31.23819 5.284834 5.030387 5.114095 10.094
dazom) 4.101859 0.5206339 1.032232 0.3680147 4914612 4.948398 4.319464 10.07394
dagamy 1.901612 0.6434228 1.676001 0.08727824 4.929345 5.048059 4.834475 10.08803
dozamy 3.009616 3312781 12.61424 0.9804824 5.268636 5.043032 4.559991 10.07986

Dataset 111 [Source: CBN Statistical Bulletin (2020)]

Y = Crude Oil Price from 2006-2020, X = Y = Season average price of Apples (in $) per
Crude Oil Production from 2006-2020, Z = pound, by States in 1996, X = Season average
Crude Oil Exportation from 2006-2020, Strata price of Apples (in $) per pound, by States in
= Five years interval, N=180, n=110 and 1995, Z = Season average price of Apples (in
m=30. $) per pound, by States in 1994, Strata:
Dataset 1V [Source: Agricultural Statistics Regions, N=36, n=20 and m=11.

(1998) Washington, US.]

Table 2: Parameters of the Dataset 111 and 1V

| Parameters | Dataset |11 | Dataset IV
Stratum 1 Stratum 2 Stratum 3 Stratum 1 Stratum 2 Stratum 3 Stratum 4
Ny, 60 60 60 8 10 9 9
ny, 37 46 27 4 5 7 4
my, 10 15 5 2 2 5 2
Y 77.4905 98.3045 55.658 0.198875 0.1702 0.2617778 0.1853333
X 2.252333 2.243 1.877833 0.189375 0.1452 0.2406667 0.1722222
A 1.802333 1.793 1.427833 0.191 0.1493 0.2126667 0.1391111
th 411.92 638.305 207.565 0.004875554  0.004225067  0.01001044 0.00362525
S,%h 0.03417073 0.0171739 0.03086133  0.004975982 0.0028204 0.00750175  0.004039444
Szzh 0.03417073 0.0171739 0.03086133 0.005474286  0.002096678 0.00412075 0.002094361
Pxy(h) -0.0958291  0.4648092  0.2640836 0.9760661 0.9627432 0.7857673 0.7567893
-0.5119518 -0.3334791  0.6405571 0.9918342 0.8683413 0.9074752 0.7033315
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Pyz(hy -0.3956622  0.5633014  0.3250112  0.9732945 0.8941405  0.7514282  0.9345371
Aaoony 4421488 2765368  2.683712 1.806926 3.200179 2.443142 2.382737
Aosony 3726242  2.389401  2.591385 1.809635 2.649353 2.527346 2.828628
Aooacny 3726242 2389401 2591385 1.717057 1524835 3.4034 1.997404
Aaz0(n) 1180103  0.9149597  0.8880379 1.729715 2.819442 2.24035 2.433403
Az02n) 114228 09138719  0.8880379 1.726914 1.777395 2.494846 1.977447
Aoz2n) 1345015  482.8629  4771.051 1.74932 1.68456 2.844426 2.117876

Table 3: Bias, MSE and PRE of the Proposed and Existing Estimators using Dataset | & 11

Dataset | Dataset 11

Estimator Bias MSE PRE Rank Bias MSE PRE Rank
Tist) - 1.5598e-07 100.00 3 - 4.578572e+13 100.00 14t
To(st) 0.000255519 4.1309e-07 37.76 16t 118288.3 187424506292 24428.89 2nd
T3(st) -4.4957e-06  3.5264e-07  44.23 15t 5657379.0 1.846211e+14 24.80 16%
Trao(st) 0.001072130 7.9586e-07  19.60 17t 11653263.7 1.746581e+14 26.21 17t
Ter(st) 9.6382e-05 2.2534e-07 69.22 14t -662814.3 1.134503e+13 403.58 gth
Tep(st) -3.3626e-05 2.0501e-07  76.08 12t 2106731.0 1.035095e+14 44.23 15t
Tsg(st) 0.176261600 2.1906e-07 71.21 13t -309389.2 5.635698e+11 8124.23 3rd

Tnicst) 0.001006607 1.6416e-07  95.02 6t 30583599.0 3.511147e+13 130.40 11.5%
Tnacst) 0.001073261 1.6617e-07 93.87 8th 30500565.0 3.241526e+13 142.91 10t
Tna(st) 0.001073219 1.6403e-07  95.09 5t 30534013.0 2.335528e+13 196.04 gth

Tnacst) 0.001073214 1.6544e-07 94.29 7t 31066211.0 3.511147e+13 130.40 11.5%
Tns(st) 0.001073223 1.6219e-07 96.18 4t 31533567.0 3.556147e+13 130.11 13t
Tyn1(st) 0.003319547 1.8641e-07 83.68 10t 1005680.0 3.900567e+12 1173.82 4th
Tynacst) 0.002770780 1.7797e-07  87.65 gth -24712808.0 4.293213e+12  1066.47 5th
Tyna(st) 0.000306262 1.9772e-07 78.89 11th -104685.0 1.126826e+12  1016.65 6t
T (st) 4.2621e-05 1.5579e-07 100.13 2nd -566972.7 8.537835e+12 536.27 gth
ta(st) 1.9883e-21 1.5474e-07 100.80 1st 4.2191e-10  7.150700e+10 64029.71 1st

Table 3 presents the results of the bias, mean
square error and percentage relative efficiency
of proposed generalized estimator and some
existing estimators using datasets I and Il. The
fourth column of Table 3 indicates the rank of
the estimators. Based on the results obtained
from Dataset I, it is observed that the proposed
generalized estimator (t,¢s)) have minimum
bias and mean square error, and higher
percentage  relative  efficiency  values
(1.9883e-21, 1.5474e-07 and  100.80,
respectively) compared to the usual variance
(Tysp); Isaki (1983) classical ratio and

product estimators (Tz(st) and Tg(st)); Rao

(1991) regression type estimator (Trgo(st));
Singh et al., (1988) exponential ratio and
product type estimators (Ter sty and Tep(st));
Shabbir and Gupta (2007) ratio-regression-
type estimator (Tsg(s)); Koyuncu (2013)
estimators (Tyise)s Taese)y Twaestys Tnacse)
and Tysesr)); Yasmeen and Noor (2021)
estimators (Tynicse), Tynzesey @nd Tywsese))s
Ahmad et al. (2022) estimator (T,(s)). The
results obtained from Dataset Il also revealed
that the proposed generalized estimator;
(tz(s)) have minimum bias and mean square

error, and higher percentage relative
efficiency values (4.2191e-10, 7.150700e+10
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and 64029.71, respectively) compared to
some  existing  estimators  considered.
Therefore, the proposed generalized estimator
performs better based on the criteria of bias,
mean square error and percentage relative

402

efficiency values when the study and auxiliary
variables are negatively correlated (dataset 1),
and when the study and auxiliary variables are
positively correlated (dataset I1).

Table 4: Bias, MSE and PRE of the Proposed and Existing Estimators using Dataset 111 &

v
Dataset 111 Dataset IV
Estimato Bias MSE PRE Ran Bias MSE PRE Ran
r k k
Ti(sty - 7.992012  100.00 2nd - 5.334586e-10 100.00 12t
To(st) 1.440524 13.89579 57.51 13 1.654535e-06 9.370419%-11 569.30 3rd
T5(st) 0.050222 14.78973 54.04 150 1.572381e-05 2.084210e-09  25.60 17t
Trao(st) 4.829258 19.56236 40.85 160 0.0005428436 1.174455e-09  45.42 16t
Ter(st) 0.533929 9.356213 85.42 gth  -1.345026e-06 1.791798e-10 297.72 101
Tep(st) -0.161232  9.803185 81.52 11" 5.689613e-06 1.156541e-09  46.13 15t
Tse(st) 27.98110 11.57255 69.06 12t 4.157174e-05 1.309428e-10 407.40 gt
Tynicso) 0.019113 8.069006 99.05 3d  .2.315270e-06 1.118705e-10 476.85 gt
Tn2est) 0.463060 8.258617 96.77 6" -6.087897e-07 9.678856e-11 551.16 4th
Tn3(st) -0.021755  8.078534 98.93 5t .7.847469e-07 1.344898e-10 396.65 gth
Tyna(st) 0.564476 8.267766 96.67 7t .5162108e-07 9.123151e-11 584.73 2nd
Tns(st) 0.006718 8.076830 98.95 4h  _7.665384e-07 1.115043e-10 478.42 5th
Tyn1(st) 2.120311 24.36189 32.81 17t 8.24593%e-06 1.156776e-10 461.16 7t
Tyn2(st) 2.571675 9.545700 83.72 10" -4.463605e-05 3.023131e-10 176.46 11t
Tynscst) -2.644595  8.529883 93.69 gth 2.112711e-05 5.437352e-10 98.11 13t
Ta(st) -6.358264  14.08540 56.74 14" -4.021615e-06 9.213379e-10  57.90 14t
ta(st) -6.937e-21  7.991911  100.01 1st 9.249550e-22  8.154949e-11 654.15 1st

Table 4 presents the results of the bias, mean
square error and percentage relative efficiency
of the proposed generalized estimator and some
existing estimators using datasets Il and V.
The fourth column of Table 4 indicates the rank
of the estimators. Based on the results obtained
from Dataset Ill, it is observed that the
proposed generalized estimator (t,)) have
minimum bias and mean square error, and
higher percentage relative efficiency values (-
6.937e-21, 7.991911 and 100.01, respectively)
compared to the usual variance (Tysp)); Isaki
(1983) classical ratio and product estimators
(T sty and Ty(qp)); Rao (1991) regression type
estimator (Trao(st)): Singh et al., (1988)
exponential ratio and product type estimators

(Ter(sty and Tep(st)); Shabbir and Gupta (2007)
ratio-regression-type  estimator  (Tsg(st));
Koyuncu (2013) estimators (Tw1(seys Tz(st)s
Tnacst)yr Thasey and Tysese)); Yasmeen and
Noor (2021) estimators (Tyy1(st), Tynz(st) and
Tyna(s)); Ahmad et al. (2022) estimator
(Te(st))-- The results obtained from Dataset 1V
also revealed that the proposed generalized
estimator; (t) have minimum bias and
mean square error, and higher percentage
relative efficiency values (9.249550e-22,

8.154949e-11 and 654.15, respectively)
compared to some existing estimators
considered.  Therefore, the  proposed

generalized estimator performs better based on
the criteria of bias, mean square error and
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percentage relative efficiency values when the
study and auxiliary variables are negatively
correlated (dataset 111), and when the study and
auxiliary variables are positively correlated
(dataset 1V).

5.0 Conclusion

The study evaluated the performance of a
proposed generalized estimator in comparison
with several existing estimators using datasets
with varying correlation structures between
study and auxiliary variables. The results from
Dataset Ill, where the variables were
negatively correlated, showed that the
proposed estimator had the least bias and mean
square error, alongside the highest percentage
relative efficiency. Similarly, when Dataset IV,

characterized by  positively  correlated
variables, was analyzed, the proposed
estimator also  demonstrated  superior

performance in terms of bias, mean square
error, and efficiency. These findings
underscore the robustness and reliability of the
proposed estimator in diverse correlation
scenarios.

In conclusion, the proposed generalized
estimator outperforms the existing methods
across multiple criteria, making it a more
effective and reliable choice for applications
requiring accurate parameter estimation. Its
superior performance in both negatively and
positively correlated datasets suggests its
versatility and potential for  broader
applicability in statistical analysis.

6.0 Based on these findings, it is

recommended that the proposed generalized
estimator be adopted for use in studies where
minimizing bias and error and maximizing
efficiency are critical. Future research could
further explore its performance across a wider
range of datasets and real-world applications
to validate its utility in practical scenarios.
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